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.. . $arrow H_{i}(G_{n-1}, A)arrow H_{i}(G_{n}, A)arrow H_{i}(G_{n+1}, A)arrow\cdots$




$F$ $GL_{n}=GL_{n}(F)$ $\{GL_{n}\}_{n\geq 0}$
$...arrow H_{i}(GL_{n-1},A)arrow H_{i}(GL_{n},A)arrow H_{i}(GL_{n+1}, A)arrow\cdots$
1.2 (Suslin, [6]) $F$ $H_{i}(\iota_{n}):H_{i}(GL_{n})arrow H_{i}(GL_{n+1})$
$i\leq n$ Coker $H_{n}(\iota_{n-1})$ $K_{n}^{M}(F)$ $K_{n}^{M}(F)$
$F$ $n$ Mdnor $K$
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Suslin Milnor $K$
Sah Cathelineau
$F$ 2 $F$ Pythagoras $a,$ $b\in F$
$c^{2}=a^{2}+b^{2}$ $c\in F$ $\mathbb{R}$
Pyhtagoras $x=(x_{1}, \ldots.x_{n})\in F^{n}$ $q(x)= \sum_{j}^{n}=1x_{j}^{2}$
$q$ Euclid $q$
$O_{n}(F, q)$ $O_{n}$ $\iota_{n}:O_{n}arrow O_{n+1}$
1.3 (Sah, [5], Cathelineau, [2]) 2 Pythagoras $F$ Eu-
clid $q$ $\{O_{n}\}_{n}$ $H_{i}(\iota_{n})$ : $H_{i}(O_{n})arrow$
$H_{i}(O_{n+1})$ $i<n$ $i\leq n$
Cathelineau
[2]
1.4 (Cathelineau, [2]) $F$
i$)$ $H_{i}(\iota_{n}, Z[1/2]):H_{i}(SO_{n}, Z[1/2])arrow H_{i}(SO_{n+1}, Z[1/2])$ $2i<n$
$2i\leq n$




$F$ 2 Pythagoras $q$ Euclid
$O_{n},$ $SO_{n}$
$O_{n}$ $Z$ $Z^{t}$ $O_{n}$
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$g\in O_{n}$ $n\in Z$ $g\cdot n$ $:=\det(g)n$
$0_{n}$ $0_{n}$ $M$ $M^{t}:=Z^{t}\otimes M$
2.1
2.1 $H_{i}(\iota_{n}):H_{i}(SO_{n})arrow H_{i}(SO_{n+1})$ $2i<n$ $2i\leq n$
22 $H_{i}(\iota_{n}, Z^{t});H_{i}(O_{n}, Z^{t})arrow H_{i}(On+1 , Z^{t})$ $2i<n$ $2i\leq n$
:
$\tilde{E}_{p,q}^{1}=H_{p}(O_{n+1},\tilde{C}_{q}^{t})$ .
$C_{*}$ Suslin [6] Sah [5]
$\tilde{E}^{r}$
$\tilde{E}_{p,0}^{2}\cong H_{p}(O_{n}, Z^{t})$ .
$ZO_{n}$
$0arrow Z^{t}arrow Z[Z/2]arrow Zarrow 0$
Bockstein Shapiro
$H_{i}(O_{n}, Z^{t})\cong H_{i}(SO_{n})$
$...arrow H_{i+1}(O_{n})arrow H_{i}(O_{n}, Z^{t})arrow H_{i}(SO_{n})arrow H_{i}(O_{n})arrow H_{i-1}(O_{n}, Z^{t})arrow\cdots$
2.3 (2.1) $H_{i}(O_{n}, Z^{t})arrow H_{i}(SO_{n})$ $tr^{t}$
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$\iota_{n}$
$arrow H_{i+1}(O_{n})arrow H_{i}(O_{n}, Z^{t})arrow H_{i}(SO_{n})arrow H_{i}(O_{n})arrow\cdots$
$\{$ $\{$ $\{$ $\{$
. . . $\Rightarrow H_{i+1}(O_{n+1})->H_{i}(O_{n+1}, Z^{t})\Rightarrow H_{i}(SO_{n+1})-\div H_{i}(O_{n+1})\approx\cdots$ ,
13 22 2.1
2.4 2.1 $F$ Pythagoras
$F$ Pythagoras
3
$1arrow SO_{n}arrow O_{n}arrow Z/2arrow 0$ (3.1)
$0_{n}arrow Z/2=\{\pm 1\}$ (3.1)
$s_{n}:Z/2arrow O_{n}$
$Z/2\ni\pm 1\mapsto$ diag$(\pm 1,1, \ldots, 1)\in O_{n}$ (3.2)
3.1
$n=2m+1$
$s_{2m+1}:Z/2arrow O_{2m+1}$ , $\pm 1\mapsto\pm 1_{2m+1}=$ diag$(\pm 1, \ldots, \pm 1)$
$Q_{2m+1}$ $Z/2$ SO2$m+1$
K\"unneth
$H_{i}( O_{2m+1})\cong\bigoplus_{p+q=i}H_{p}(SO_{2m+1})\otimes H_{q}(Z/2)\oplus\bigoplus_{p+q=i-1}Tor_{1}^{Z}(H_{p}(SO_{2m+1}), H_{q}(Z/2))$




3.1 $H_{i}(\iota_{2m+1}):H_{i}($SO2$m+1)arrow H_{i}($SO2$m+3)$ $i<2m+1$
$i\leq 2m+1$
Bockstein
3.2 $H_{i}(\iota_{2m+1}, Z^{t}):H_{i}(O_{2m+1}, Z^{t})arrow H_{i}(O_{2m+3}, Z^{t})$ $i<2m+1$
$i\leq 2m+1$
$Z^{t}$





$H_{i}(O_{2m-1}, Z^{t})arrow H_{i}(O_{2m}, Z^{t})arrow H_{i}(O_{2m+1}, Z^{t})$
$K_{m}=KerH_{i}(\iota_{2m}, Z^{t})$ $i<2m-1$
$H_{i}(O_{2m}, Z^{t})\cong H_{i}(O_{2m-1})Z^{t})\oplus K_{m}$
$i<m$ $K_{m}=0$ 22
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3.3 $2i<n$ $H_{i}(SO_{n})$ $\sigma$
Lyndon-Hochschild-Serre





$H_{i}(SO_{n})arrow H_{i}(O_{n})$ $H_{i}(SO_{n})arrow H_{i}(SO_{n})_{\sigma}arrow e_{i}H_{i}(O_{n})$
34
(1) $H_{i}(SO_{n})=H_{i}(SO_{n}, Z^{t})arrow H_{i}(O_{n}, Z^{t})$
$tr^{t}:H_{i}(O_{n}, Z^{t})arrow H_{i}(SO_{n})$ $H_{i}(SO_{n})$ $(1-\sigma)$ [1, III
(9.5) $]$ . $(1-\sigma)H_{i}(SO_{n})$
(2) Shapiro
$H_{i}(SO_{n})arrow H_{i}(O_{n}, Z[Z/2])\cong H_{i}(O_{n}, ZO_{n}\otimes_{ZSO_{n}}Z)$
$H_{i}(O_{n}, ZO_{n}\otimes zso_{n}Z)\cong H_{i}(O_{n}, Z[Z/2])arrow H_{i}(SO_{n})$
bar resolution (
[3, Lemma 5.5 Remark] ).
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$tr^{t}$ $H_{i}(SO_{n})$ $(1-\sigma)$
${\rm Im} tr^{t}=(1-\sigma)H_{i}(SO_{n})$ [4]
2.3 Bockstein (2.1) $H_{i}(O_{n}, Z^{t})arrow$
$H_{i}(SO_{n})$







3.5 $tr^{t}:H_{i}(O_{n}, Z^{t})arrow H_{i}(SO_{n})$
3.6 Cathelineau $H_{i}(SOn, Z[1/2])$ $\sigma$ $\pm 1$
$H_{i}(SO_{n}, Z[1/2])=H_{i}(SO_{n}, Z[1/2])^{\sigma}\oplus H_{i}(SO_{n}, Z[1/2])^{-\sigma}$
$H_{i}(SO_{n}, Z[1/2])^{\sigma}\cong H_{i}(O_{n}, Z[1/2])$ , $H_{i}(SO_{n}, Z[1/2])^{-\sigma}\cong H_{i}(O_{n}, Z[1/2]^{t})$
[2, Theorem 1. $4l$.
$2i<n$ $H_{i}(O_{n}, Z[1/2]^{t})=0$ (3.5)
3. 5 Cathelineau (3.5)
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